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Abstract 

We establish an integration by parts formula based on jump times in an abstract framework in 
order to study the regularity of the law for processes solution of stochastic differential equations 
with jumps. 
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1 Introduction 

We consider the one dimensional equation 

X t = x + / c(u, a, X u ^)dN(u, a) + / g(u,X u )du (1) 
Jo Jo 

where N is a Poisson point measure of intensity measure /i on some abstract measurable space E. 

We assume that c and g are infinitely differentiable with respect to t and x, have bounded derivatives 

of any order and have linear growth with respect to x. Moreover we assume that the derivatives of c 

are bounded by a function c such that J E c(a)dfi(a) < oo. Under these hypotheses the equation has 

a unique solution and the stochastic integral with respect to the Poisson point measure is a Stieltjes 

integral. 
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Our aim is to give sufficient conditions in order to prove that the law of X t is absolutely continuous 
with respect to the Lebesgue measure and has a smooth density. If E = M. m and if the measure ji 
admits a smooth density h then one may develop a Malliavin calculus based on the amplitudes of 
the jumps in order to solve this problem. This has been done first in [1] and then in [3]. But if \x is 
a singular measure this approach fails and one has to use the noise given by the jump times of the 
Poisson point measure in order to settle a differential calculus analogous to the Malliavin calculus. 
This is a much more delicate problem and several approaches have been proposed. A first step is 
to prove that the law of X t is absolutely continuous with respect to the Lebesgue measure, without 
taking care of the regularity. A first result in this sense was obtained by Carlen and Pardoux in [5] 
and was followed by a lot of other papers (see [6], [7J, [TT], [13]). The second step is to obtain the 
regularity of the density. Recently two results of this type have been obtained by Ishikawa and Kunita 
in [10] and by Kulik in [12]. In both cases one deals with an equation of the form 

dX t = g(t, X t )dt + f(t, X t J)dU t (2) 

where U is a Levy process. The above equation is multi-dimensional (let us mention that the method 
presented in our paper may be used in the multi-dimensional case as well, but then some technical 
problems related to the control of the Malliavin covariance matrix have to be solved - and for simplicity 
we preferred to leave out this kind of difficulties in this paper). Ishikawa and Kunita in [10] used the 
finite difference approach given by J. Picard in [14J in order to obtain sufficient conditions for the 
regularity of the density of the solution of an equation of type ([1]) (in a somehow more particular 
form, closed to linear equations). The result in that paper produces a large class of examples in which 
we get a smooth density even for an intensity measure which is singular with respect to the Lebesgue 
measure. The second approach is due to Kulik [12]. He settled a Malliavin type calculus based on 
perturbations of the time structure in order to give sufficient conditions for the smoothness of the 
density. In his paper the coefficient / is equal to one so the non degeneracy comes from the drift term 
g only. As before, he obtains the regularity of the density even if the intensity measure /i is singular. 
He also proves that under some appropriate conditions, the density is not smooth for a small t so that 
one has to wait before the regularization effect of the noise produces a regular density. 
The result proved in our paper is the following. We consider the function 

a(t, a, x) = g[x) - g(x + c(t, a, x)) + (gd x c + d t c)(t, a, x). 

Except the regularity and boundedness conditions on g and c we consider the following non degeneracy 
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assumption. There exists a measurable function a such that \a(t, a,x)\ > a{a) > for every (t, a, x) £ 
R + x£xl, We assume that there exists a sequence of subsets E n \ E such that n(E n ) < oo and 



If 9 = then, for every t > 0, the law of Xt has a C°° density with respect to the Lebesgue measure. 
Suppose now that 9 > and let geN. Then, for f > 16% + 2)(q + l) 2 the law of has a density 
of class C q . Notice that for small t we are not able to prove that a density exists and we have to wait 
for a sufficiently large t in order to obtain a regularization effect. 

In the paper of Kulik [12] one takes c(t,a,x) = a so a(t,a,x) = g(x) — g(x + c(t,a,x)). Then 
the non degeneracy condition concerns just the drift coefficient g. And in the paper of Ishikawa and 
Kunita the basic example (which corresponds to the geometric Levy process) is c(t,a,x) = xa(e a — 1) 
and g constant. So a(t,a,x) = a(e a — 1) ~ a 2 as a — >• 0. The drift coefficient does not contribute to 
the non degeneracy condition (which is analogous to the uniform ellipticity condition). 

The paper is organized as follows. In Section 2 we give an integration by parts formula of Malliavin 
type. This is analogous to the integration by parts formulas given in [2] and [I]. But there are two 
specific points: first of all the integration by parts formula take into account the border terms (in 
the above mentioned papers the border terms cancel because one makes use of some weights which 
are null on the border; but in the paper of Kulik [12] such border terms appear as well). The second 
point is that we use here a "one shot" integration by parts formula: in the classical gaussian Malliavin 
calculus one employs all the noise which is available - so one derives an infinite dimensional differential 
calculus based on "all the increments" of the Brownian motion. The analogous approach in the case 
of Poisson point measures is to use all the noise which comes from the random structure (jumps). And 
this is the point of view of almost all the papers on this topic. But in our paper we use just "one jump 
time" which is chosen in a cleaver way (according to the non degeneracy condition). In Section 3 we 
apply the general integration by parts formula to stochastic equations with jumps. The basic noise is 
given by the jump times. 

2 Integration by parts formula 
2.1 Notations-derivative operators 

The abstract framework is quite similar to the one developed in [2J but we introduce here some 
modifications in order to take into account the border terms appearing in the integration by parts 
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formula. We consider a sequence of random variables (Vi)i & ^* on a probability space (Q, J 7 , P), a sub 
cr-algebra Q C F and a random variable J, measurable, with values in N. Our aim is to establish a 
differential calculus based on the variables (Vi), conditionally on Q. In order to derive an integration 
by parts formula, we need some assumptions on the random variables (Vi). The main hypothesis is 
that conditionally on Q, the law of Vi admits a locally smooth density with respect to the Lebesgue 
measure. 

HO. i) Conditionally on Q, the random variables (Vi)i<i<j are independent and for each i £ 
{1, . . . , J} the law of Vi is absolutely continuous with respect to the Lebesgue measure. We note Pi 
the conditional density. 

ii) For all % € {1, . . . , J}, there exist some Q measurable random variables a,i and hi such 
that — oo < m < hi < +00, (di,bi) C {pi > 0}. We also assume that pi admits a continuous bounded 
derivative on (aj, foj) and that lnpj is bounded on (aj,6j). 

We define now the class of functions on which this differential calculus will apply. We consider in 

this paper functions / : Q x R N * — > R which can be written as 

00 

/( w > v ) =^2 •^ m ( a; ' Ul > -' v m)l{J(w)=m} (3) 

771=1 

where f m : O x R m — > R are (? x £>(R m )— measurable functions. 

In the following, we fix L € N and we will perform integration by parts L times. But we will 
use another set of variables for each integration by parts. So for 1 < I < L, we fix a set of indices 
// C {1, . . . , J} such that if I ^ I', Ii D ly = 0. In order to do I integration by parts, we will use 
successively the variables Vi,i 6 Ii then the variables 6 and end with Vi,i € I\. Moreover, 
given I we fix a partition (A/ of such that the sets An 6 Q,i G J/. If w E A; j, we will use only 
the variable in our integration by parts. 

With these notations, we define our basic spaces. We consider in this paper random variables F = 
f(oo, V) where V = (Vi)i and / is given by ([3]). To simplify the notation we write F = f J (oo, V\, . . . , Vj) 
so that conditionally on Q we have J = m and F = f m (uj, V±, . . . , V m ). We denote by 5° the space of 
random variables F = f J (uj, V±, . . . , Vj) where f J is a continuous function on Oj = n/=i( a «> &i) such 
that there exists a Q measurable random variable C satisfying 

sup \f J (u,v)\ < C(uj) < +00 a.e. (4) 

veOj 

We also assume that f J has left limits (respectively right limits) in aj (respectively in bi). Let us be 
more precise. 
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With the notations = (Vi, V^-i, V i+ i, Vj) and (V^,^) = (Vi, . . . , Vj_i, «i, V i+X , . . . , V» 
for Vj G (oj, 6j) our assumption is that the following limits exist and are finite: 

limf J (u,V { i ) ,a i + e):=F(a+), limf J (io,V {i) ,b i -e):=F(br). (5) 

Now for k > 1, S k (Ii) denotes the space of random variables F = f J (co, Vi, . . . , Vj) € 5°, such that 
f J admits partial derivatives up to order k with respect to the variables Vi,i G J; and these partial 
derivatives belong to 5°. 

We are now able to define our differential operators. 

□ The derivative operators. We define D\ : iS 1 (I;) — > S°(Ii) : by 

DiF := l j(V)^2lA lti (u)d v J(u),V), 
ieli 

where Oj = IliLi( a i> fe i)- 

□ The divergence operators We note 



ieli 



and we define 5i : cS 1 (/;) — s> 5 (/;) by 



^(F) = DiF + FA Inp (0 = l 0j (V) Wi( d vi F + ln ^) 

ieli 

We can easily see that if F, U G we have 

StFlTj^FStW + UDtf. (7) 
□ The border terms Let U G S°(Ii). We define (using the notation ([5]) ) 

[u] t = ^iA M io J , i (^))((^)(^)-(^)K+)) 

with oj,i = ni<i<jj^(%>^) 

2.2 Duality and basic integration by parts formula 

In our framework the duality between 5i and Di is given by the following proposition. In the sequel, 
we denote by Eg the conditional expectation with respect to the sigma-algebra Q. 
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Proposition 1 Assuming HO then \/F,U G we have 

Eg(UDiF) = -Eg(FSi(U)) + Eg[FU]i. (8) 

For simplicity, we assume in this proposition that the random variables F and U take value in R but 
such a result can easily be extended to M. d value random variables. 

Proof: We have Eg(UDiF) = £ ie/( 1 A; i ^gl 0j (V r )(a^/ J (o;, y)u J (w, V)). From HO we obtain 
EgloAV)(d v J J (cu,V)u J (u;,V)) = Egl 0jA (V {i) ) t d Vi {f J )u J Pi { Vi )d Vi . 

Jai 

By using the classical integration by parts formula, we have 

a Vi (f J )u J p i (v i )dv i = !■'•>■',,, ';; - t f J d Vi (u J Pi )d Vi . 
Observing that d Vi (u J pi) = (d Vi (u J ) + u J d Vi (lnpi))pi, we have 

Eg{\ 0j {V)d v J J u J ) = Egl 0j ,[{V {€) )f J u J Pi ]% - Egl 0j (V)F(d Vi (U) + Ud Vi (\n Pi )) 
and the proposition is proved. 

o 

We can now state a first integration by parts formula. 

Proposition 2 Let HO hold true and let F G S 2 {Ii), G G and $> : R — > R be a bounded function 

with bounded derivative. We assume that F = f J (uj,V) satisfies the condition 

min inf \d v J J {u, v)\ > 7 (w), (9) 

where j is Q measurable and we define on {7 > 0} 

then 

l {l>0} Eg(^ 1 \F)G) = -l { , />0} E g ($(F)Hi(F, G)) + l^EgMFMD^)-^ (10) 

with 

m(F,G) = 5 l (G(D l F)- 1 ) = G5 l ((D l F)- l ) + D l G(D l F)- 1 . (11) 
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Proof: We observe that 



D&{F) = lo^XXAW = l 0j (^)^ (1) (F)^l A;i ^F, 
ieli ieli 

so that 

Di<b(F).DiF = (F)(DiF) 2 , 

and then 1 {7>0} $( 1 )(F) = 1 {7>0} Di^iF).(DiF)- 1 . Now since F G 5 2 (/;), we deduce that (D/F) -1 € 
iS 1 (/;) on {7 > 0} and applying Proposition [1] with U = G(DiF)~ 1 we obtain the result. 



2.3 Iterations of the integration by parts formula 

We will iterate the integration by parts formula given in Proposition [2j We recall that if we iterate 
I times the integration by parts formula, we will integrate by parts successively with respect to the 
variables (Vi)i^i k for 1 < k < I. In order to give some estimates of the weights appearing in these 
formulas we introduce the following norm on S l (U l k=l Ik), for 1 < I < L. 

l 

in = |F|oc + ^ E \D h ...D lk FU (12) 
k=l l<h<...<l k <l 

where |.|oo is defined on S° by 

|F|oo = sup \f J (u;,v)\. 
veOj 

For I = 0, we set \F\q = [-Fjoo- We remark that we have for 1 < l\ < . . . < Zj. < I 

k 

\D h . . . a^Ioo = E (II ■ ■ ■ K F \^ 

neli x ,...,i k &li k j=i 

and since for each I (Aj is a partition of $7, for oj fixed, the preceding sum has only one term not 
equal to zero. This family of norms satisfies for F E <5' +1 (utt. 1 1 Jfc) : 

|F|n-i = |A+in + \F\i so \D l+1 F\ t < \F\ l+1 . (13) 

Moreover it is easy to check that if F, G e S l (U l k=1 I k ) 

\FG\i < C[\F\i\G\i, (14) 



where C\ is a constant depending on I. Finally for any function <j) G C (R, R) we have 

I 

|^h<Q£|0 (fe ^)loo^ (15) 

k=0 - - 

With these notations we can iterate the integration by parts formula. 

Theorem 1 Let HO hold true and let <3? : R \— > R a bounded function with bounded derivatives up to 
order L. Let F = f J (w,V) G S^u/l^/) such that 

inf inf \d v .f (u>, v)\ > 7(0;), 7 € [0, 1] Qmeasurable (16) 
ie{i,...,J}t>eOj 

f/ien we have /or / G {1, . . . , L), G E S'( u L=i4) and F G S' +1 ( u L=i4) 

l {j>0} \E g $«\F)G\ < ||ocl {7 >o}^ + |p[ )'lIf(F)) (17) 

where C\ is a constant depending on I, ||3>||oo = su Pa; 1^(^)1; bio = m & x i=i,...,L \P(i)\ 00 an d n^(F) is 
defined on {7 > 0} by 

1 

n,(F) = IJa + KAiT Vi)(i + MiDkF)- 1 )]^). (is) 
fc=i 

Moreover we have the bound 



w/iere | lnp|i = maxi=i ) ... ) j |(lnpi)'|oo. 



V( ; + 2 ) 

' k=l 



Proof: We proceed by induction. For I = 1, we have from Proposition [2] since G G 5 1 (/i) and 
F G 5 2 (/!) 

1 {7>0} ^($«(F)G) = -1 {7>0} ^ ($(F)Hi(F,G)) + l { , >0} E g MF)G(D 1 F)- 1 ] 1 . 
We have on {7 > 0} 

|i?i(F,G)| < |G||5 1 (( J D lJ F)- 1 )| + | J D 1 G||( J D lJ F)- 1 |, 

< (|G?|oo + |£>iG|oo)(l + |( J DiF)- 1 | 00 )(l + I^iCCDiFJ-^Ioo), 
= |G|i(l + |(Z? 1 F)- 1 |o)(l + IMpiF)- 1 )^). 
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Turning to the border term [^(F)G(DiF) ]i, we check that 

|[$(F)G( J D 1 F)- 1 ] 1 | < 2||$|| 00 |G| 00 E i6 / 1 lA 1 , i la^|ooEi e / 1 lA 1 ,jK|cx„ 
< 2||$|| 00 |G| |(^iF)- 1 |ob|o. 

This proves the result for 1 = 1. 

Now assume that Theorem [1] is true for I > 1 and let us prove it for I + 1. By assumption we 
have G G S l+1 (U^t\4) C 5 1 (Jj + i) and F € 5' +2 (U^t\4) C S 2 (/ m ). Consequently we can apply 
Proposition [2] on This gives 



l {7>0} £g(<^ +1 )(F)G) = -1 {7>0} £ 6 (<S> {l) (F)H l+1 (F,G)) + l {l>0} Eg[^ (F)G(D l+1 F)- 1 ) l+1 , (20) 
with 

H l+1 (F,G) = G8i +l ((Di +l F)- 1 ) + D l+l G(D l+l F)-\ 
[^ l \F)G(D l+1 F)- 1 ] l+1 = £ 1 A!+M l 0j ,(y (i) ) ^(*W(JP)G J^ ft )(6r) - (*W(F) G J^ ft )(a+)) . 

We easily see that Hi+i(F, G) G 5 / (u' fc=1 I/ c ) and so using the induction hypothesis we obtain 

l {y>0} \Eg& l \F)H l+1 (F,G)\ < Cmiool^oyEgm^GMl + lp^U^F), 
and we just have to bound \Hi + i(F,G)\i on {7 > 0}. But using successively (fl4l) and (fT3j) 

< + \(D l+1 F)-%)(l + \5 l+1 ((D l+1 F)-%). 

This finally gives 

\Eg$®(F)H l+1 (F,G)\ <C l \\$\\ oo E g \G\ l+1 0.+ \p\ ) l II i+1 (F). (21) 
So we just have to prove a similar inequality for Eg[^ l \F)G(Di + iF)~ 1 ]i + i. This reduces to consider 
Eg £ i A;+ii i O/i (y (l) )(<i>(0( F)G _L p4)(6r)= £ i A!+1 . K (6r)E e lo Jii (F (i) )($«(F)G^-)(6r) 

(22) 



since the other term can be treated similarly. Consequently we just have to bound 

1 



\Eglo J AV {l) )(^(F)G-^ ¥ )(b: 



Since all variables satisfy (jH), we obtain from Lebesgue Theorem, using the notation ([5]) 
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To shorten the notation we write simply F(pi — e) = f (Vu), 6j — e). 

Now one can prove that if U G S 1 ' (U^h) for 1 < V < I then Vi G U(bi-e) G 5''(U^. =1 4) and 
|J7(6i-£)|// < [J7|,/. We deduce then that Vi G J m F(bi~e) G 5 m ( u i=i4) and that (G^p)(&;-e) G 
S l (U l k=1 Ik) and from induction hypothesis 

\E g {& l ){F{b t - £ ))l 0j ,{G^F)(bi -e)\ < C7,||*||oa^[G(6i - e)[ t | dv / {bz _ £) + Wo)^^ - e)), 

< Qll^lloo^olGlilj^l^l + \p\ )%(F). 

Putting this in (|22p we obtain 

ie/j+i ^ l ie/,+i 

< Gl^Hoo^lGlKi + Ho^nK^KA+i^^b- (23) 

Finally plugging flU) and (pg]> in pP jl 

\E g (& l+1 \F)G)\ < Cil^lloo (£ 6 |G| m (l + |p| o yn m (F) + + |p| o ) Z+1 n z (F)|(A+i^)- 1 |0 , 

< a||$||oc-Bg|G|/ + i(l + |p| ) m n m (F), 

and inequality (|17p is proved for I + 1 . This achieves the first part of the proof of Theorem [TJ 
It remains to prove (I19p . We assume that d G {7 > 0}. 
Let 1 < A; < I. We first notice that combining f)13|) and (j!4j) we obtain 

l^fcCiOlfc-i < l^lfc(l+|Alnp (fc )|J, 
since pr k \ only depends on the variables Vi,i G So we deduce the bound 

|<5 fe ((L> fc F)- 1 )| jfc _ 1 < [(^-^(l + llnplj. (24) 

Now we have 



From (fT5j) with 0(a?) = 1/x 



d v F 



1 , <r EK1 

'fc-l S Ofc 



d Vi F ~ - 

and consequently 



|(Z) fc F) _1 | fc _i < + ^ 1} . (25) 
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Moreover we have using successively (fTBj) and ([25]) 



— ^fc ^FFI 



7 

Putting this in fl2D) 

fe-l i i n t'iA— 1 

7 ; 



|**( WO -1 )!*-! < C k (1 + lFlk J + l DkFlk \ l + llnpk). (26) 
Finally from (125j) and (126H . we deduce 

< q ^iy rK 1 + i^ir + i^id 2 , 



IL ,/ ; 

' fc=i 
and Theorem [T] is proved. 



3 Stochastic equations with jumps 

3.1 Notations and hypotheses 

We consider a Poisson point process p with measurable state space (E, 13(E)). We refer to Ikeda 
and Watanabe |10| for the notation. We denote by N the counting measure associated to p so 
Nt(A) := N((0,t) x A) = #{s < t;p s E A}. The intensity measure is dt x dfi(a) where fi is a sigma- 
finite measure on (E, 13(E)) and we fix an non decreasing sequence (E n ) of subsets of E such that 
E = L) n E n , jji(E n ) < oo and fi(E n+ \) < fi(E n ) + K for all n and for a constant K > 0. 
We consider the one dimensional stochastic equation 

X t = x+ I f c(s,a,X s -)dN(s,a)+ [ g(s,X s )ds. (27) 

JO JE JO 

Our aim is to give sufficient conditions on the coefficients c and g in order to prove that the law of Xt 
is absolutely continuous with respect to the Lebesgue measure and has a smooth density. We make 
the following assumptions on the coefficients c and g. 

HI. We assume that the functions c and g are infinitely differentiable with respect to the variables 
(t, x) and that there exist a bounded function c and a constant g, such that 

\/(t,a,x) \c(t,a,x)\ <c(a)(l + \x\), sup \d l t d l x c(t,a,x)\ <c(a); 

1+V>1 
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V(t,x) \g{t,x)\<g{l + \x\), sup \d l td l x g(t,x)\ <g; 

i+i'>i 

We assume moreover that j E c(a)dfj,(a) < oo. 

Under HI, equation (|2"7|) admits a unique solution. 

H2. We assume that there exists a measurable function c : E i— > M + such that c{a)djx{a) < oo 

and 

V(i, a, x) [9 x c(t, a, z)(l + d x c(t, a, x)) -1 1 < c(a). 

To simplify the notation we take c = c. Under H2, the tangent flow associated to (|27p is invertible. 
At last we give a non-degeneracy condition wich will imply (|16j) . We denote by a the function 

a(i, a, x) = z) - g(t, x + c(t, a, z)) + (^c + d t c)(t, a, x). (28) 

H3. We assume that there exists a measurable function a:E\-t such that 

V(i, a, z) |a(i, a, z)| > a(a) > 0, 

Vn / — —diiia) < oo and liminf — — — In ( / — — du(a) ) = < oo. 
j£;„ « (a) n A*(^n) \JE n a(«) / 

We give in the following some examples where E = (0, 1] and a(a) = a. 
3.2 Main results and examples 

Following the methodology introduced in Bally and Clement [2], our aim is to bound the Fourier 
transform of X t , px t (£)j m terms of 1/|£|, recalling that if f R \£\ q \px t (£)\d£ < oo, for g > 0, then the 
law of Xt is absolutely continuous and its density is C' 9 '. This is done in the next proposition. The 
proof of this proposition relies on an approximation of Xt which will be given in the next section. 

Proposition 3 Assuming HI, H2 and H3 we have for all n, L € N* 

\px t (0\<C t ,L (e-^'W + j^A^ , 
with A n x = KE n )Hf En ^M«)) L(L+2) - 

From this proposition, we deduce our main result. 

Theorem 2 We assume that HI, H2 and H3 hold. Let q G N ; then for t > 169 (q + 2)(q + l) 2 , the 
law of Xt is absolutely continuous with respect to the Lebesgue measure and its density is of class C q . 
In particular if 8 = 0, the law of Xt is absolutely continuous with respect to the Lebesgue measure and 
its density is of class C°° for every t > 0. 
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Proof: From Proposition [3l we have 

\Px t (0\ < C t , L [e~^' 2L + ^i^) . 

Now V/c, ko > 0, if t/2L > kO, we deduce from H3 that for n > til 

k , , f 1 , , feln u(E„) 
t 2L > — — In / — -dfi(a ) + - ^- , 

since the second term on the right hand side tends to zero. This implies 

e n(E n )t/2L > , I *dii(a)) k ii(E n ) k / ko . 
JE n QL{a) 

Choosing k = L(L + 2) and k/ko = L, we obtain that for n > til and t/2L > L(L + 2)9 

e »(E n )t/2L > ^ l 

and then 

with B n (t) = e^^ 1 / 21 . Now recalling that y,{E n ) < fi(E n+1 ) < K + /i(£„), we have B n (t) < 
B n+ i(t) < KfB n (t). Moreover since B n (t) goes to infinity with n we have 



1 m L/2 >B nL (t)} - Yl 1 {B n (t)<m L/2 <Bn+l(t)}- 
n>riL 

But if B n {t) < |e| L/2 < B n+1 (t), \p Xt (0\ < Ct, L /\Z\ L/2 and so 

< c t , L ,n L +f m >>B nL (t)\t\ q ~ L/2d t- 

For ?€N, choosing L such that L/2 - q > 1, we obtain / \(,\ q \px t (t,)\d£ < °o for t/2L > L(L + 2)9 
and consequently the law of X% admits a density C q for i > 2L 2 (L + 2)0 and L > 2(q + 1), that is 
t > 169(q + l) 2 (q + 2) and Theorem [2] is proved. 

o 

We end this section with two examples 

Example 1. We take E = (0,1], fj,\ = Y^k>i F^i/fc wit h < A < 1 and E n = [1/n, 1]. We 

onrl ii , ( TP. . » "\ 



have U n E n = E, fJ,(E n ) = Ysk=l Pa anc ^ ^xi^n+i) < H\{E n ) + 1 • We consider the process (X ( 
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solution of (|27p with c(t, a,x) = a and g(t, x) = g(x) assuming that the derivatives of g are bounded 
and that |</(a;)| > g > 0. We have f E adfj,\(a) = Y2k>l IFm" < oo so HI and H2 hold. Moreover 
a(t, a, x) = g(x) — g(x + a) so a(a) = ga. Now f E ^d/j,\(a) = Ylk=l ^ 1 ~ A which is equivalent as n go 
to infinity to n 2 " A /(2 - A). Now we have 

In / ——-dfix{a) = ^ 1 ~n->oo C > 0, 



ma(^) W*. «(«) " v 7 ELi ft 

and then H3 is satisfied with 6 = 0. We conclude from Theorem [2] that Vi > 0, admits a density 
C°°. 

In the case A = 1, we have n\(E n ) = Ylk=i \ ~n->oo Inn then 

1 1 ( f 1 A ( \ \ ^gSLll) 

111 / —T^d^lW = F^H 1 ri^oo 1, 



/il(^n) V7E„«(a) ^ 7 £2=1 J 

and this gives H3 with 6 = 1. So the density of Xt is regular as soon as t is large enough. In fact it is 
proved in Kulik [12] that under some appropriate conditions the density of Xt is not continuous for 
small t. 

Example 2. We take the intensity measure ^\ as in the previous example and we consider the 
process (Xt) solution of (|27|) with g = 1 and c(t,a,x) = ax. This gives c(a) = a and a(a) = a. So the 
conclusions are similar to example 1 in both cases < A < 1 and A = 1. But in this example we can 
compare our result to the one given by Ichikawa and Kunita [10J. They assume the condition 



liminf— r- / a 2 dfi(a) > 0, (*) 

for some h G (0, 2). Here we have 



/ 

J | Of. I <u 



a 2 dv(a)= TT, 



u i+x 



k 2+x i + A 



k>l/u 

So if < A < 1, (*) holds and their results apply. In the case A = 1, (*) fails and they do not conclude. 
However in our approach we conclude that the density of X t is C q for t > 16(q + 2)(q + l) 2 . 
The next section is devoted to the proof of Proposition [3l 

3.3 Approximation of X t and integration by parts formula 

In order to bound the Fourier transform of the process Xt solution of (j27j) , we will apply the differential 
calculus developed in section 2. The first step consists in an approximation of Xt by a random variable 
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which can be viewed as an element of our basic space 5°. We assume that the process (X^) is 
solution of the discrete version of equation (j2T|) 

Xf = x+[ [ c(s,a,X^L)dN(s,a)+ f g(s,X?)ds. (29) 

J J E N JO 

Since /j,(En) < oo, the number of jumps of the process X N on the interval (0, t) is finite and con- 
sequently we may consider the random variable Xj^ as a function of these jump times and ap- 
ply the methodology proposed in section 2. We denote by (Jj ) the Poisson process defined by 
= iV((0, t), En) = #{s < t;p s € E^} and we note (T^)k>\ its jump times. We also introduce the 
notation = p T N . With these notations, the process solution of (|2"9"|) can be written 

jN 

X? =s + J>(Tf,A^,X#0+ fg&X^ds. (30) 
r - , k Jo 



k=l 

We will not work with all the variables (T^)^ but only with the jump times (TZ 1 ) of the Poisson 



process J™, where n < N. In the following we will keep n fixed and we will make N go to infinity. 
We note (T^ ,n )k the jump times of the Poisson process J t ' n = N((0,t), Eiy\E n ) and A^ ,JV = p T n,N. 
Now we fixe L € N*, the number of integration by parts and we note t\ = tl/L, < / < L. Assuming 
that J£ - J^_ % = mi for 1 < I < L, we denote by (T™ ) 

i<i<m,[ the jump times of </" belonging to the 
time interval (tj_i 3 ij). In the following we assume that m; > 1, V7. For i = 0we set T" = and 
for i = mi + 1, Tp mi+1 = t\. With these definitions we choose our basic variables (V^, i € Ii) as 

(^.i G /,) = (T^ + i,0 < i < [(m, - l)/2]). (31) 

The cr-algebra which contains the noise which is not involved in our differential calculus is 

Q = cr{{J^)i<i< L ; {T™ 2i )i<2i< mi ,i<i<L; { T k' n )k'i i^k)k}- (32) 

Using some well known results on Poisson processes, we easily see that conditionally on Q the variables 
(Vi) are independent and for i € I[ the law of Vi conditionally on Q is uniform on (TP2i^l2i+2) an< ^ 
we have 

Pi( V ) = T n _ T n \Tr i2i ,Tn 2i+2 ){v), i€ I h (33) 
- t Z,2i+2 ± l,2i 

Consequently taking a% = T" 2i and bi = 7/ n 2i+2 we check that hypothesis HO holds. It remains to 
define the localizing sets (A^i)i e / r 
We denote 



2m; 2Lmi 
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and rii = \{ m i ~ l)/2]- We will work on the Q measurable set 

Af = U£L {7ZW2 - T W > h ? }» ( 34 ) 
and we consider the following partition of this set: 

A*,o = {7] n 2 - Tija >K}, 

A M = ni =1 {TZ 2k -T£ 2k _ 2 <ht}n{Tfc i+2 -T£ 2i >h?}, i = l,...,n,. 

After L — / iterations of the integration by parts we will work with the variables Vi , i € so the 
corresponding derivative is 

If we are on Af then we have at least one i such that t;_i < T™ 2i < Tp 2i+1 < T™ 2i+2 < i; and 
1T2i+2 ~ Tp2i — Notice that in this case 1a; i \Vi\<x> — (^D" 1 ano - roughly speaking this means that 
the variable Vi = Tp 2i+1 gives a sufficiently large quantity of noise. Moreover, in order to perform L 
integrations by parts we will work on 

n = nf =1 Af (35) 

and we will leave out the complementary of T 7 ^ . The following lemma says that on the set we have 
enough noise and that the complementary of this set may be ignored. 

Lemma 1 Using the notation given in Theorem [7] one has 
i) |p|„ := maxKKi £» 6 /, U M Noo < x J "; 
i»; P((r2) c ) < Lexp{-ti(E n )t/2L). 

Proof: As mentioned before lA ti IPiloo — (hf) _1 = 2Lmi/t < ^j-J r t and so we have i). In order 
to prove ii) we have to estimate P((A[ 1 ) C ) for 1 < I < L. We denote si = h(ti + and we will 
prove that {J^ — J™ > 1} C A™. Suppose first that mi = Jf — J? is even. Then 2n; + 2 = mi. If 
^l™2j+2 ~~ -^Z2i < ^ f° r ever y * = 0) n l then 

n ' + * 

T l!m t ~ tl-1 = E( T ^+2 " T£ 2i ) <(ni + l)x — < — <Sl- tl-t 
i=0 
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so there are no jumps in (sj, tj). Suppose now that mi is odd so 2ra; + 2 = + 1 and T™ 2ni+2 = t\. If 
we have T^ 2i+2 — T" 2i < /i™ for every i = 0, re;, then we deduce 

EPr 2 ,«-^x(« i+ i)x^<^^<±, 

and there are no jumps in (sj, So we have proved that { J™ -J s ">l}cA" and since P(J? — J™ = 
0) = exp(—/j,(E n )t/2L) the inequality ii) follows. o 

Now we will apply Theorem [H with i 7 ^ = , G = 1 and = e'^*. So we have to check 

that F N € 5 I,+1 (U^ =1 I;) and that condition (|16p holds. Moreover we have to bound l-F^lj -1 and 
lA^lj -1 , for 1 < Z < L. This needs some preliminary lemma. 

Lemma 2 Lei v = («i)i>o a positive non increasing sequence with vq = and (aj)j>i a sequence of 
E. We define Jt(v) by Jt(v) = V{ if V{ < t < Vi+\ and we consider the process solution of 

J t rt 

X t = x + y~" j c(v k , Qfc, X Vk J) + I g(s,X s )ds. (36) 
k=i Jo 

We assume that HI holds. Then Xt admits some derivatives with respect to Vi and if we note Ui(t) = 
d Vi X t and Wi(t) = dfi.Xf, the processes (Ui(t))t> Vi and (Wi{t)) t > Vi solve respectively 

Jt 



Ui{t) = a(vi,ai,X Vi _) + ^ d x c(v k ,a k ,X Vk _)Ui(v k -) + / d x g(s, X s )Ui(s)d& 

fc=i4-1 Jv i 



(37) 



k=i+l 

Wi{t)=Pi(t)+ ^ d x c(v k ,a k ,X Vk .)W l (v k -)+ / d x g(s,X s )Wi(s)ds, (38) 
fc=i+l Jvi 



with 



a(t,a,x) = g(t,x) — g(t,x + c(t,a,x)) + g(t,x)d x c(t,a,x) + dtc(t,a,x), 
Pi(t) = d t a(vi,ai,X Vi -) + d x a(vi, a,i,X v .-)g(vi, X Vi ~) - d x g(vi, X Vi )Ui(vi] 
+ Eti+i d K v ^ a k , X Vk -)(Ui(v k -)) 2 + Jld 2 x g(s, X s )(Ui(s)) 2 ds. 

Proof: If s < V{, we have d Vi X s = 0. Now we have 

Vi-l 



X Vi _ = x + y~] c(v k , a k ,X Vk -) + / g(s,X s )ds, 

Jo 



k=l 

and consequently 

d Vi X Vi _ = g(vi,X v ._). 
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For t > Vi, we observe that 



c{vk,ak,X Vk _) + / g(s,X s )ds, 

U J Vi 



k=v, 
this gives 

d v .X t = g(vi,X Vi -) + g(vi,X Vi -)d x c(vi,ai,X Vi -) + d t c(vi,ai, X Vi J) -g(v i} X v .) 
+ EfcLi+i d x c{v k , a k , X Vk J)d Vi X Vk - + f*. d x g{s, X s )d Vi X s ds. 

Remarking that X Vi = X Vi - + c(vi, m,X Vi -), we obtain (|37j) . The proof of (|38p is similar and we omit 
it. 

o 

We give next a bound for Xj and its derivatives with respect to the variables (v{). 

Lemma 3 Let (Xt) the process solution of 1136}). We assume that HI holds and we note 

Jt 

n t{c) = ^Jcfajfc). 

k=l 

Then we have: 

sup|X t | <C t (l + n t {c))e n ^\ 

s<t 

Moreover V7 > 1, there exist some constants Ct t i and C\ such that V(ufc i )i=i,...,i with t > v kl , we have 



sup \d Vki ...d v U h {s)\+ sup \d Vhi ...d Vki _W k M<CtAl + Mc)f l e° int ®. 

We observe that the previous bound does not depend on the variables (vi). 

Proof: We just give a sketch of the proof. We first remark that the process (et) solution of 

e t = 1 + y~]c(a fc )e Vfc - + g \ e s ds, 
k=i Jo 

is given by et = Y[k=i(^ + c( a fc)) e ^*- Now from HI, we deduce for s < t 

< \x\+Y:iLic(a k )(l+\X Vk „\) + fSg(l + \X u \)du, 

< \ x \ + EfcLi c(a k ) +gt + Y/k=ic{ a k)\X Vk -\ + ^g\X u \du, 

< (\ X \ + J2k=ic(a k ) + gt)e s 

where the last inequality follows from Gronwall lemma. Then using the previous remark 

Jt 

sup\X s \ <C t (l + n t {c)) JJ(l + c(o fc )) <C t {l + nt(c))e n ^\ (39) 
s ^ fc=i 
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We check easily that \at(t, a, x)\ < C(l + |x[)c(o), and we get successively from (f57|) and 
sup |l7 fcl ( a )| < C t (l + \X V \)c(a kl )(l + nt(c))e nt ® < C t (l + n t (c)) 2 e 2n *® . 

v k[ <s<t 

Putting this in ([38j) . we obtain a similar bound for sup Vk <s<t \ (s) | and we end the proof of Lemma 
[3] by induction since we can derive equations for the higher order derivatives of Uk t (s) and Wfc ; (s) 
analogous to ([38|h 

o 

We come back to the process (X?) solution of (|29j). We recall that F N = Xf and we will check 
that F N satisfies the hypotheses of Theorem [U 

Lemma 4 i) We assume that HI holds. Then VZ > 1, 3Cti,Ci independent of N such that 

\F N \ t + \DiF N \i < C U ((1 + N t (c))e N ^) Cl , 

with N t (c) = f f E c(a)dN(s, a). 

ii) Moreover if we assume in addition that H2 and H3 hold and that mi = J™ — Jt l _ 1 > 1> 
VZ £ {1, . . . , L} then we have VI < I < L, Vi £ h 

-l 



\d Vi F*\ > (e 2N *®N t (l En l/a 
and U6\) holds. 



■= In 



We remark that on the non degeneracy set T£ given by ([55]) we have at least one jump on (tj_i,ij), 
that is mi > 1, Vi £ {1, . . . , L}. Moreover we have T£ C {7„ > 0}. 

Proof: The proof of i) is a straightforward consequence of Lemma El replacing n t (c) by J2pt=i c{Ap ) 
and observing that 

jN ^ 

Vc(A^)=/" f c(a)dN(s,a) < [ [ c(a)dN(s,a) = N t (c). 
p=1 ' Jo Je n Jo Je 



Turning to ii) we have from Lemma [2] 



jN 

V d x c(T"A?,X$ N _)d TN X$ N _ + / d x g(s,X?)d TN X s ds. 
p=k+l J fc 



Assuming H2, we define (Y t N )t and (Zj^)t as the solutions of the equations 

r t N = l + E p Lid x c(T p N ,A^,X^ N JY T n_+^d x g(s,X^)Y s N ds, 



Z * = 1 - EpLi i+a xC (T^,A^,x\_) ^r*- - Jo d *9(s, X s )Z S ds. 
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We have Y t N X Zf = 1, Vt > and 

\Y t N \ < e^e Nt ^) < e N *®, \Z t N \ = < e N ^ . 

Now one can easily check that 

T NVt t —a{l k , l\ k , J^ T N_)I t Z:rp N , 
k k k 

and using H3 and the preceding bound it yields 

\d TN X t N | > e-^a(A^). 

k 

Recalling that we do not consider the derivatives with respect to all the variables {T^ ) but only with 
respect to (V^-) = (Tp 2i+1 )i :i with n < N fixed, we have VI < / < L and Vi £ Ii 



and Lemma H] is proved. 



With this lemma we are at last able to prove Proposition [3j 
Proof of Proposition [3t From Theorem [T] we have since T L C > 0} 

l F n\E g & L \F N )\ < CLW^lrnEgil + \ Po \) L U L (F N ). 

Now from Lemma Q] i) we have 

|po| < 2LJt/t 

and moreover we can check that | lnpji = 0. So we deduce from Lemma 0] 

V L (F N ) < ((1 + N t (c))e N ^) CL < C t , L N t (l En l/a) L ^ ((1 + N^))^)^ ■ 

This finally gives 

\El n ^ L \F N )\ < m\^C t , L E^(J t N ) L N t (l En l/a) L ^ ((1 + iV^c))^))^ . (40) 

Now we know from a classical computation (see for example [2j) that the Laplace transform of Nt(f) 
satisfies 

Ee sN t (f) =e -ta / W ) a f (s) = [ (l-e- sf ^)dfi(a). (41) 

Je 
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From HI, we have J E c(a)dfi(a) < oo, so we deduce using (jlTj) with / = c that, Vg > 

i^((l + iV t (c)) e ^^y <C^<oo. 

Since J™ is a Poisson process with intensity tfi(E n ), we have \/q > 

Finally, using once again (jlTj) with / = l^ n l/a we see easily that > 

EN t (l En l/ay<C t>g (J E ^dfi(a)J. 

Turning back to (|40p and combining Cauchy-Schwarz inequality and the previous bounds we deduce 

/ r i \L(L+2) 
l^lry*^)^)! < ||$||ooCt,L^(^n) L / -T^d^a) = \m\ooCt, L An,L. (42) 



We are now ready to give a bound for p x n(£,). We have p x N (Q = E^£{F N ), with = e l ^ x . Since 

<j?^(3;) = (i^) L <I>^(x), we can write \p x n{£,)\ = \E^ L \f n )\/\^\ l and consequently we deduce from 



\p xf (o\<pmr)+c t , L A n , L /\c\ L . 

But from Lemma [T] ii) we have 

^P((r2) c ) < Le-^ En)t/( - 2L) 

and finally 



(01 < C L , t (e-^WW+A n , L m L 
We achieve the proof of Proposition [3] by letting N go to infinity, keeping n fixed. 
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